A finite group having all (nontrivial) elements of prime order must be a p-group of exponent p , or a nonnilpotent group of order paq , or it is isomorphic to the simple group A<.
Introduction
Let & be the class of the finite groups having all (nontrivial) elements of prime order. Of course, & contains the /z-groups of exponent p ; but it also contains solvable groups as AA and even the simple group A5.
Therefore, a description of the ^-groups is not obvious. The aim of this note is to classify these groups. Our notation is standard and conforms to that of [l] . However, we shall denote by W(G) the largest solvable normal subgroup of G. All groups are finite. We shall prove the following Main Theorem. Let G be a £P-group. Then one of the following cases occurs:
I . G is a p-group of exponent p.
II . (a) \G\=paq, 3<p<q, a>3, \F(G)\=p"-{, \G:G'\=p. Ill . G = A,.
Preliminary results
For the sake of convenience, we list here some of the results used in the proof of the main theorem.
2.1 Let G be a ^-group. Then (i) Every subgroup and every factor group of G is also a .í0-group, (ii) If x G G and \x\ = p, then CG(x) is a p-group of exponent p . . Let P be a p-group and let Q be an abelain noncyclic #-group of automorphisms of P, with q ^ p . Then P = (Cp(x)\xgQ, x/l). 2.9 Let G be a .^-group; suppose C7 solvable and let /z g n(G) such that F(G) = Op(G). Let ? e tt(G) , q ¿ p and let ß G Sylq(G). Then |ß| = q .
Proof. Suppose that T is an abelian noncyclic subgroup of Q. Since G is solvable, CG(F(G)) < F(G), so Cf(G)(x) = 1 for every I^xgT . But then F(G) = (CF,GAx)\x € T,x £ Í) = 1 because of 2.2. This contradiction shows that every abelian subgroup of Q is cyclic. By 2.3, Q is cyclic or Q = Qm is a generalized quaternion group. The last case gives a contradiction since Q is a .5a-group by 2.1 i), while Qm has an element of order 4. It follows that Q is cyclic, which proves the result because Q is a .i3-group.
2.10 Let G be a ^-group and let AT ?¿ G. If n(G)\n(K) ¿ 0, then £ < F(G).
Proof. Let # e zt(C7)\zr(A:) and let * G C with \x\ = q. By 2.1 ii), x acts by conjugation as a fixed-point-free automorphism of K of order q . By Thompson's theorem ([1, Theorem 10.2.1]), K is nilpotent.
2.11 Let G be a solvable, nonnilpotent ^-group.
Then there exist two distinct primes p, q and a positive integer a such that |C7| = paq .
Proof. Let p G n(G) such that F(G) = Op(G). Since G is not a p-group, choose q G n(G), q ¿ p and let Q G Sylq(G), so \Q\ = q by 2.9. Set C7 = G/Op(G), so that Op(G) = 1 and Op,(G) ¿ 1. By 2.1 v) applied to the 9°-gro\yp G, there exists r e n(G), r ^ p such that 6^,(1?) = Or(C7).
Set K = Opr(C7). If r ^ q, it follows by 2.10 that K < F(G) = Op(G), contradiction. Thus r = q and |C| = paq , as required.
Proof of the main theorem
We split the proof into four cases, according to the following possibilities for G : nilpotent, solvable and nonnilpotent, simple nonabelian, nonsolvable and nonsimple. The cases and subcases will follow those in the statement of the main theorem.
I. G is nilpotent. Then by 2.1 iv) G is a p-group of exponent p and we are in case I of the statement of the main theorem.
II. G is solvable and nonnilpotent. According to 2.11, we have \n(G)\ = 2 and we have to discuss six subcases.
(a) 2 <¿ n(G) and p G n(G) such that 1 ± H = F(G) = Op(G) £ Sylp(G). In this case, let P G Syyt7) and Q G Sylq(G), q ¿ p, so that \Q\ = q by 2.9. Set G = G/H, so Op(G) = 1, Oq(G) = QH/H, P/H G Sylp(G) and \P/H\=p by 2.9 applied to G. It follows that \G\=paq, \F(G)\= pa~l and \G: G'\ = p . Moreover, p < q . Indeed, if p > q , then from \0' (G)\ = q and from 2.8 it follows that Oq(G) < Z(G). Now by 2.1 (iv) we obtain that G is a g-group, contradicting |G| = pq . Thus p < q, as asserted.
Finally, we show that a > 3. One cannot have a = 1 since F(G) ^ 1 .
On the other hand, if a = 2, then \F(G)\ = p and F(G) = Z(G) by 2.8, which implies by 2.1 (iv) that G is a p-group, contradiction. We have verified case II (a) of the main theorem.
(b) 2 <¿ 7i(G) and p G n(G) such that Fifi) = Op(G) G Sylp(G). Let q G n(G), q ¿ p and let Q G Syi?(G), so that \Q\ = q by 2.9. If |G| = p"q , then \F(G)\ = \G'\ = pa. Suppose that p < q and take x G Z(F(G)) with \x\= p . By 2.8 we obtain that x G Z(G), which implies by 2.1 (iv) that G is a p-group, contradiction. Thus p > q and we are in case II (b) of the main theorem.
(c) 2 G 7i(G) and F(G) = 02(G) £ Syl2(G). Let S G Syl2(C7), so F(G) < S. By 2.1 (iii), S is elementary abelian, hence S < CG(F(G)) < F(G) < S, contradiction. This case is ruled out. since the ^-subgroups of A5 are isomorphic to the Klein four group K^ . But S < CG(F(G)) and since CG(F(G)) = G we obtain by the Frattini argument that G = CG(F(G))NG(S). Since S normalizes both NG(S) and CG(F(G)), it follows that S = G, contradicting the simplicity of A5.
Therefore p ^ 2. In this case, if T G Syl2(^5), then T acts as an automorphism group of F(G). Since T is abelian and noncyclic, it follows that F(G) = {CF{G)(t)\t ê T, i £ I)-here we have applied 2.2. But because of 2.1 (ii), we have that CF(G)(t) = 1 for every t G T, t ^ 1, which shows that F(G) = 1, a contradiction. This case is ruled out and the proof is now complete.
Remarks, (i) That A5 is the only simple nonabelian ^-group seems to be a well-known fact. We have included here the proof for completeness.
(ii) After the first version of this paper was submitted, we learned from [4, p. 290 ] that G. Zacher has shown in [3] that a solvable nonnilpotent group, having all its nontrivial elements of prime power order, must be of order paq . Therefore, our lemma 2.11 is a particular (and naturally, more explicit) case of Zacher's theorem.
(iii) In spite of the fact that we have examples of groups satisfying the conditions of case II of the main theorem, we have not been able to see whether these conditions are sufficient for a solvable, nonnilpotent group to be a J21-group.
